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Quantum benchmarks are routinely used to validate the experimental demonstration of quantum
information protocols. Many relevant protocols, however, involve an infinite set of input states, of
which only a finite subset can be used to test the quality of the implementation. This is a problem,
because the benchmark for the finitely many states used in the test can be higher than the original
benchmark calculated for infinitely many states. This situation arises in the teleportation and
storage of coherent states, for which the benchmark of 50% fidelity is commonly used in experiments,
although finite sets of coherent states normally lead to higher benchmarks. Here we show that the
average fidelity over all coherent states can be indirectly probed with a single setup, requiring
only two-mode squeezing, a 50-50 beamsplitter, and homodyne detection. Our setup enables a
rigorous experimental validation of quantum teleportation, storage, amplification, attenuation, and
purification of noisy coherent states. More generally, we prove that every quantum benchmark can
be tested by preparing a single entangled state and measuring a single observable.
Introduction. Quantum information processing of-
fers compelling advantages over its classical counterpart.
However, realistic implementations suffer from unavoid-
able noise and imperfections. To demonstrate a quan-
tum advantage, one needs to ensure that, despite the im-
perfections, such implementations achieve performances
that could not be achieved classically.
For every given task, such as the transmission of infor-
mation or its storage in a quantum memory, the limit that
has to be surpassed in order to demonstrate a quantum
advantage is called the quantum benchmark [1]. Quan-
tum benchmarks are routinely used in experiments of
quantum teleportation [2–6] and in the realization of
quantum memories [7–10]. The theoretical values of the
benchmarks have been determined in a variety of sce-
narios, including the teleportation and storage of finite-
dimensional quantum systems [11, 12], coherent states
[1, 13], and squeezed states [14–16]. Benchmarks for the
amplification of coherent states are important for assess-
ing the realization of deterministic [17] as well as prob-
abilistic [18–21] amplifiers, and have been theoretically
studied in Refs. [22, 23]. Many benchmarks are fidelity-
based, meaning that they use the fidelity [24, 25] as the
figure of merit. Other benchmarks are entanglement-
based, meaning that the figure of merit is (a measure
of) the ability to preserve entanglement [26–29].
In theory, quantum benchmarks provide rigorous crite-
ria of quantumness. In practice, the application of these
criteria can be problematic. The benchmarks often rank
quantum devices based on their average performance on
an infinite set of input states, such as the set of all co-
herent states [1, 2, 4, 5, 7–10, 13, 17–23]. In a real ex-
periment, however, only a finite subset of inputs can be
tested. The evaluation of the performance on each input
requires many sessions of data collection, often amount-
ing to a full tomography of the state [19]. Now, the prob-
lem is that the value of the benchmark for the finite sub-
set of states used in the experiment can be much larger
than the theoretical benchmark. For example, the fidelity
benchmark for the teleportation of uniformly distributed
coherent states is 50% [1, 13], while the benchmark for
just two coherent states is at least 93.3%, the minimum
value over all pairs of coherent states [30]. Comparing
the experimental fidelity with the theoretical benchmark
requires additional assumptions on the device—e.g., as-
sumptions on how it would have worked if it had been
tested on other inputs. But making such assumptions is
in contradiction to the purpose of quantum benchmarks,
i.e., to certify quantum advantages without having to
trust the devices. An alternative approach would be to
perform a full tomography of the device [31–36], but this
would require a large number of measurement settings (or
even an infinite number in the case of continuous variable
systems).
In this article, we show that every quantum benchmark
can be tested by preparing a single entangled state and
performing a single measurement on the output. More
broadly, we develop a unified framework for quantum
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2FIG. 1. Input-output test of a quantum device. To test
the device C, the verifier prepares an input state, randomly
drawn from the set {ρx}. Upon receiving the input, the device
generates an output, which is then measured by the verifier
with the POVM {P (x)y }. The outcome is assigned a score and
the average score is used as measure of performance.
benchmarks, including fidelity-based and entanglement-
based benchmarks as special cases. We observe that
the same benchmark can be tested in multiple equiva-
lent ways, among which one can choose the most ex-
perimentally friendly one. Using the idea of equivalent
tests, we propose a benchmark setup for the demonstra-
tion of continuous-variable quantum memories [7–10] and
for the demonstration of quantum-enhanced amplifica-
tion [17–21]. Our proposal allows one to measure the
average fidelity over all possible coherent states, using
only two-mode squeezing, a 50-50 beamsplitter, and ho-
modyne detection. The same approach can be applied
to benchmarks for quantum attenuation [22, 37–40] and
cloning [41–43] of coherent states, as well as the purifica-
tion of displaced thermal states [39, 44, 45].
General benchmark framework. The scenario of quan-
tum benchmarks can be conveniently viewed as a game
between an experimenter and a verifier [46]. The experi-
menter builds a device performing a quantum task, such
as teleportation or cloning. The verifier sets up a test in
order to determine whether the device offers a quantum
advantage. The test consists in sending inputs to the
device and performing measurements on the outputs.
Let us start from the case of a deterministic device,
which generates an output whenever it receives an input.
Such a device can be described by a quantum channel
(completely positive trace-preserving linear map), trans-
forming states of the input system into states of the out-
put system. Let us denote by A (A′) the input (output)
system, and by C a generic channel with input A and
output A′.
In order to rate the performance of the channel C, the
verifier could use the setup described in Figure 1. First,
the verifier prepares system A in an input state ρx, ran-
domly drawn from some set {ρx} with probability px.
Then, the verifier submits the input to the experimenter,
who returns the output C(ρx). Finally, the verifier per-
forms a measurement, described by a positive operator-
valued measure (POVM) {P (x)y } where x labels the mea-
surement setting and y labels the measurement outcome.
For every setting x, the outcome y is assigned a score
ω(x, y). The average score
S(det) =
∑
x
∑
y
ω(x, y) px Tr
[
P (x)y C(ρx)
]
(1)
is then used as a figure of merit. The typical example
of Eq. (1) is that of the fidelity-based benchmarks [1–
3, 11–16, 19, 22, 23, 47], where the goal is to transform
an unknown input state ρx into a pure target state |φx〉.
Fidelity benchmarks are expressed in terms of the average
fidelity
F (det) :=
∑
x
px 〈φx|C(ρx)|φx〉 , (2)
which can be viewed as the special case of Eq. (1) where
each POVM {P (x)y } has an outcome yx associated to the
projector P
(x)
yx = |φx〉〈φx| and the score ω(x, y) is either
1 or 0, depending on whether or not y is equal to yx.
The benchmark for a genuine quantum implementation
has the form F det > F detC , where F
det
C is the classical fi-
delity threshold, namely the maximum fidelity achievable
by measure-and-prepare channels [1]. The direct way to
evaluate the score (1)—or the average fidelity (2)—is to
test the action of the channel C on all the input states
{ρx} and to use the experimental data to compute the
average. However, this approach is not viable when the
set of input states is infinite. Now, we show that many in-
direct ways to experimentally measure the average score
(1) or the average fidelity (2) exist. Among these in-
direct measurements, some can be dramatically simpler
than the direct approach of Figure 1.
First of all, we note that every test with random in-
put states can be reformulated as a test with a sin-
gle, mixed, input state σAR. This is because one can
regard the preparation of the state ρx with probabil-
ity px as the preparation of a single quantum-classical
state σ =
∑
x pxρx ⊗ |x〉 〈x|R, where R is an auxil-
iary system keeping track of the index x. Likewise, one
can formally write down a single quantum observable
O =
∑
x,y ω(x, y)P
(x)
y ⊗ |x〉 〈x|R, so that the average
score (1) takes the form
S(det) := Tr[O(C ⊗ IR)(σAR)] . (3)
Per se, this reformulation does not make the problem
easier. The merit of Eq. (3) is that it reveals a general
structure, suggesting new ways to measure the average
score. This reformulation also offers a unified approach,
which can be adopted not only for fidelity-based bench-
marks, but also for other types of quantum benchmarks,
such as the entanglement-based benchmarks [26–29].
The single-input setup for testing quantum channels is
depicted in Figure 2. Now, the key observation is that
many different tests are equivalent, meaning that they
assign the same average score to all possible channels.
This observation is important because, among the many
3FIG. 2. Test with a single input and a single observ-
able. A composite system AR in a joint state σ. Then,
system A is sent to the device C, which transforms it into the
output system A′. Finally, systems A′ and R undergo a joint
measurement, described by the observable O. The expecta-
tion value of O is then used as the figure of merit.
equivalent tests, one can choose the easiest to realize ex-
perimentally. Now, we develop a framework that cap-
tures the equivalence of tests and facilitates the search
for the most convenient realization. The framework is
based on the Jamio lkowski operator [48], defined as
C :=
∑
ij
C(|i〉 〈j|)⊗ |j〉 〈i| (4)
where {|i〉} is a fixed orthonormal basis for system A.
In terms of the Jamio lkowski operator, the average score
can be written as (Appendix A)
S(det) = Tr [ΩC] (5)
where Ω is the operator on A′A defined by
Ω := TrR
[
(OA′R ⊗ IA) (IA′ ⊗ σAR)
]
. (6)
Here it is understood that the Hilbert spaces are rear-
ranged in the appropriate order, so that the operators in
the right hand side can be multiplied.
We call Ω the performance operator of the test. For
fidelity-based benchmarks, the performance operator is
simply the average input-output state
Ω =
∑
x
px |φx〉〈φx| ⊗ ρx . (7)
where ρx is the input and |φx〉 is the target output.
Canonical tests for deterministic devices. Clearly, two
tests with the same performance operator are equivalent,
even if they correspond to totally different testing proce-
dures. Now, we exploit the equivalence to realize every
test through the preparation of a single pure state and
the measurement of a single observable.
Theorem 1 (Appendix B). Every test for deterministic
devices is equivalent to a canonical test of the following
form:
1. Choose a mixed state τA, with the property that the
operator IA′ ⊗ τA is invertible on the support of the
operator ΩTA , where TA denotes the partial trans-
pose on system A.
2. Prepare a purification of τA, denoted by |Ψ〉AR.
3. Apply the channel C on system A.
4. Measure systems A′ and R with the observable
O =
(
IA′ ⊗ τ−1/2R T †AR
)
ΩTA
(
IA′ ⊗ TAR τ−1/2R
)
. (8)
where τR = TrA[|Ψ〉 〈Ψ|AR] is the marginal of the
state |Ψ〉AR on system R, and TAR is the partial
isometry such that T †ARτATAR = τR.
The best way to understand Theorem 1 is to use it in
a concrete example. Consider the problem of amplifying
coherent states [17, 22, 23]. Here, the task is to transform
a generic coherent state |α〉 ∝ ∑n αn |n〉/√n! into the
amplified coherent state |gα〉, where g ≥ 1 is the gain
of the amplifier. For g = 1, the problem is to teleport
coherent states [2, 4, 5] or to store them in a quantum
memory [7–10]. Assuming that the inputs are Gaussian-
distributed, the average fidelity is
F det =
∫
d2 α
pi
λe−λ|α|
2 〈gα| C(|α〉〈α|) |gα〉 , (9)
where λ ≥ 0 is the inverse of the variance. In prac-
tice, the average cannot be evaluated directly, because
this would require sampling over an infinite set of in-
put states. Moreover, in the actual experiments [19] the
fidelity is evaluated through a full tomography of the out-
put state, meaning that each value of α requires a large
(ideally infinite) number of experimental settings, mak-
ing the evaluation of the average fidelity prohibitively ex-
pensive. Luckily, Theorem 1 offers a way out. Instead of
sampling over all coherent states, it is enough to prepare
a two-mode squeezed vacuum state
|Ψ〉AR =
√
1− x
∑
n
xn/2 |n〉A ⊗ |n〉R , (10)
where the squeezing parameter x can be any number in
the interval (0, 1). Instead of evaluating the fidelity on
each coherent state, it is enough to measure a single ob-
servable, given by Eq. (8) with the performance operator
Ω =
∫
d2 α
pi
λe−λ|α|
2 |gα〉〈gα| ⊗ |α〉〈α| . (11)
Now, we take advantage of the fact that every value
of the squeezing parameter x is allowed, and therefore
one can choose the most convenient x. Specifically, we
notice that the observable (8) takes a simple form when
x = 1/(1 + λ). For g2 ≤ λ+ 1, we find (Appendix C)
O = S†θ (I ⊗Gθ)Sθ , (12)
where Sθ = exp[θ(ab−a†b†)] is a two-mode squeezer with
tanh θ = g/
√
λ+ 1, and Gθ is the Gaussian observable
Gθ =
∑
n (tanh θ)
2n |n〉〈n|. In practice, this means that
4FIG. 3. Canonical test for coherent state amplifiers.
The input mode and a reference are prepared in the two-mode
squeezed vacuum (TMSV). After the action of the amplifier,
the output mode and the reference are sent through a two
mode squeezer Sθ, followed by a 50-50 beamsplitter and two
quadrature measurements on the output modes.
the observable O can be measured by sending the two
output modes A′ and R through a two mode squeezer
and by measuring the observable Gθ on the second port.
In turn, the observable Gθ can be measured by sending
the mode through a 50-50 beamsplitter, measuring the
quadratures X = (a+a†)/2 and P = (b− b†)/(2i) on the
two output modes, respectively, and, finally, averaging
the outcomes with a Gaussian weight (see Appendix C
for the exact expression). The setup for g2 < λ + 1 is
identical, except that one has to set tanh θ =
√
λ+ 1/g
and the observable Gθ is measured on the first output
port (Appendix C).
Our method makes the average fidelity (9) experimen-
tally accessible, thus enabling a rigorous experimental
test of the quantum advantage. The same method can
be used to test the fidelity of attenuation [22, 37, 38, 40],
cloning [41–43], purification of displaced thermal states
[39, 44, 45], and phase conjugation [49], as shown in Ap-
pendix C and D. A limitation of the present approach
is that the verifier should be able to preserve the refer-
ence mode from noise. In the case of quantum memories,
this means that the verifier should possess a good quan-
tum memory for the reference mode. Basically, the test
of Fig. 3 compares the untrusted quantum memory im-
plemented by the experimenter with a trusted quantum
memory in the verifier’s lab.
Canonical tests for nondeterministic devices. Now, let
us consider now the case of devices that return an out-
put with some nonunit probability. Examples of such
devices are the noiseless probabilistic amplifier [50], ex-
perimentally realized in Refs. [18–21], and the noiseless
probabilistic attenuator of Refs. [37, 38, 40]. In general,
a probabilistic device can be described by a quantum op-
eration C (completely positive trace-nonincreasing linear
map). To test the device, one can prepare a single input
state σ and measure an observable O on the output, as
in Figure 2. Sometimes, the device will report failure in-
stead of producing an output. The probability that an
output is produced is
psucc = Tr
[
(C ⊗ IR)(σAR)
]
= Tr[C(σA)] , (13)
where σA = TrR[σAR] is the marginal of σAR on system
A. The average score is then
S(prob) :=
Tr[O(C ⊗ IR)(σAR)]
Tr[C(σA)] (14)
and can be expressed as
S(prob) =
Tr[CΩ]
Tr[C(IA′ ⊗ σA)] , (15)
where Ω is the performance operator (6) and C is the
Jamio lkowski operator. Note that, now, the score de-
pends both on the performance operator Ω and on the
marginal input state σA, which determines the probabil-
ity of success via Eq. (13).
It is easy to see that two tests are equivalent in terms
of score and success probability if and only if they have
the same pair of operators (Ω, σA). Leveraging on the
equivalence, we can construct a canonical realization.
Theorem 2. Every test of probabilistic devices is equiv-
alent to a canonical test of the following form:
1. Prepare a purification of the marginal input state
σA, denoted by |Φ〉AR.
2. Apply the quantum operation C on system A.
3. Measure systems A′ and R with the observable
O = (IA′ ⊗ σ˜−1/2R T †AR) ΩTA (IA′ ⊗ TAR σ˜−1/2R ). (16)
where σ˜R is the marginal of the state |Φ〉AR on sys-
tem R and TAR is the partial isometry such that
T †ARσATAR = σ˜R.
Theorem 2 offers the first rigorous way of testing the
fidelity benchmark for noiseless nondeterministic ampli-
fiers [18–21]. In this case, the marginal state σA is
σA =
∫
d2 α
pi
λe−λ|α|
2 |α〉〈α|. (17)
Its purification is a two-mode squeezed vacuum, given
by Eq. (10) with x = 1/(1 + λ). Then, one can obtain
the observable O from Eqs. (16) and (11). Again, the
observable has a simple experimental realization. In fact,
this is the same realization described in the deterministic
case. Using this realization, it is now possible to set
up a conclusive demonstration of quantum advantage for
noiseless amplifiers. The same holds for nondeterministic
attenuation [37, 38, 40].
5The fully black box test. We analyzed, separately, the
tests of deterministic devices and the tests of probabilis-
tic devices. In practice, however, we may not know the
success probability of the tested device. This would be
a problem, because the benchmark generally depends on
the success probability [46]: in general, the smaller the
success probability, the higher the benchmark. A solution
to the problem would be to use the highest benchmark,
calculated in the limit of vanishing success probability.
However, this could set an unreasonably high bar for the
experiment. Now, we show that the verifier can devise a
fully black box test, where the value of the benchmark is
independent of the probability of success.
Theorem 3 (Appendix E). Given a test T for determin-
istic devices, one can construct a new test T ′ for proba-
bilistic devices, with the following properties:
1. T ′ has the same performance operator as the orig-
inal test T . Therefore, T ′ assigns the same score
as T to all deterministic devices.
2. For probabilistic devices, the benchmark for T ′ is
independent of the success probability.
The new test T ′ is described by a pair of operators
(Ω, σA), with the following properties: the performance
operator Ω is chosen to be the same as the performance
operator of the old test T . This choice guarantees that
the test T ′ assigns the same score as T when applied
to deterministic devices. The marginal state σA is cho-
sen to be the state that reduces the probabilistic bench-
mark to its minimum: this means that σA minimizes the
best score (15) over all measure-and-prepare channels.
The test for amplification or attenuation shown earlier
in the article is an example of a fully black box test: the
same experimental test and the same benchmark value
can be used for both deterministic and probabilistic de-
vices. More examples of this situation are shown in Ap-
pendix F, which focusses on the scenario where the test
T enjoys a symmetry with respect to a group of physical
transformations.
Conclusions. In this article we showed that a verifier
can experimentally evaluate the performance of a quan-
tum device on an infinite set of inputs, by preparing a
single entangled input and measuring a single joint ob-
servable. As an application, we constructed a test for
the realization of quantum memories, amplifiers, and at-
tenuators of coherent states, and purifiers of displaced
thermal states. The test can be realized using two-mode
squeezers, beamsplitters, and homodyne detection. Us-
ing these ingredients, one can experimentally assess the
average fidelity over all possible coherent states (or all
possible displaced thermal states), thus providing a fully
rigorous demonstration of genuine quantum advantage.
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Appendix A: Derivation of Eq. (5)
Here we show that the average score of the channel C
can be expressed in terms of the Jamio lkowski operator
as Sdet = Tr[C Ω].
We remind the reader that the action of the channel
can be expressed in terms of the Jamio lkowski operator
as follows:
C(ρ) =
∑
i,j
ρij C(|i〉〈j|)
=
∑
i,j
C(|i〉〈j|) Tr [ ρ |j〉〈i| ]
=
∑
i,j
TrA
[
C(|i〉〈j|)⊗
(
ρ |j〉〈i|
)]
= TrA
[
(IA′ ⊗ ρ)C
]
. (A-1)
The next step is to compute the average score. To keep
track of the Hilbert spaces, we will add a subscript to each
operator, so that, e.g. ρA indicates that the operator ρ
acts on the Hilbert space of system A. We will also write
expressions like (CA′A ⊗ IR) (OA′R ⊗ IA), with the im-
plicit understanding that the Hilbert spaces are suitably
reordered in order to perform the matrix multiplication.
With this notation, we have
S(det) = Tr[OA′R (C ⊗ IR)(σAR)]
= Tr[OAR′ TrA[(IA′ ⊗ σAR)(CA′A ⊗ IR)]]
= Tr[(OA′R ⊗ IA) (IA′ ⊗ σAR) (CA′A ⊗ IR)]
= Tr[(CA′A ⊗ IR) (OA′R ⊗ IA) (IA′ ⊗ σAR)]
= Tr[CAA′ TrR[(OA′R ⊗ IA)(IA′ ⊗ σAR)]
= Tr[CAA′ ΩAA′ ] (A-2)
with
ΩAA′ := TrR[(OA′R ⊗ IA)(IA′ ⊗ σAR)] . (A-3)
Appendix B: Proof of Theorem 1
Theorem 1 states that a (deterministic) test with per-
formance operator Ω can be implemented through the
preparation of a single pure state and the measurement
of a single joint observable.
To construct the pure state and the observable, we pick
a state τA of system A, and we diagonalize it as
τA =
∑
n
λn |φn〉 〈φn|A . (B-1)
7We require that the operator (IA′ ⊗ τA) is invertible on
the support of the operator OA′A, in such a way that
operators like (IA′ ⊗ τ)−1OA′A are well defined.
The input state in our canonical test will be a purifica-
tion of the state τ , with purifying system R. The purifi-
cation, denoted by |Ψ〉AR, can be written in the Schmidt
decomposition as
|Ψ〉AR =
∑
n
√
λn |φn〉A ⊗ |ψn〉R , (B-2)
where the states {|ψn〉} are orthonormal.
The joint observable in the canonical test is defined as
OA′R = (IA′ ⊗ τ−1/2R T †AR) ΩTAA′A (IA′ ⊗ TAR τ−1/2R ) ,
(B-3)
where
τR =
∑
n
λn |ψn〉 〈ψn|R (B-4)
is the marginal of |Ψ〉AR on system R, and
TAR =
∑
n
|φn〉A〈ψn|R (B-5)
is the partial isometry that maps each eigenvector of τR
into the corresponding eigenvector of τA.
Now, it remains to prove that the performance opera-
tor of our test is exactly Ω.
Let us provisionally denote the performance operator
of our test by Ω′. The goal is to show the equality Ω′ = Ω.
For this purpose, the operator Ω′ can be computed using
Eq. (A-3), with σAR = |Ψ〉〈Ψ|AR and OA′R defined in
Eq. (B-3). Explicitly, we have
Ω′A′A = TrR [(OA′R ⊗ IA)(IA′ ⊗ |Ψ〉〈Ψ|AR)]
= TrA˜
[
(Ω
TA˜
A′A˜
⊗ IA)(IA′ ⊗ |Γ〉〈Γ|AA˜)
]
. (B-6)
where A˜ is a second copy of system A, and |Γ〉AA˜ is the
(unnormalized) vector defined as
|Γ〉AA˜ :=
(
IA ⊗ TARτ−1/2R
)
|Ψ〉AR
=
∑
n
|φn〉A ⊗ |φn〉A˜ (B-7)
Continuing from Eq. (B-6), we obtain
Ω′A′A =
∑
m,n
TrA˜
[ (
Ω
TA˜
A′A˜
⊗ IA
) (
IA′ ⊗ |φm〉〈φn|A˜ ⊗ |φm〉〈φn|A
) ]
=
∑
m,n
(
IA′ ⊗ |φm〉A〈φn|A˜
)
Ω
TA˜
A′A˜
(
IA′ ⊗ |φm〉A˜〈φn|A
)
=
∑
m,n
(
IA′ ⊗ |φm〉A〈φm|A˜
)
ΩA′A˜
(
IA′ ⊗ |φn〉A˜〈φn|A
)
= ΩA′A . (B-8)
This concludes the proof of Theorem 1.
Appendix C: Canonical test for (noisy) coherent
states
Here we work out the explicit expression of the canoni-
cal test for storage, teleportation, amplification, attenua-
tion, cloning, and purification of (noisy) coherent states.
All the above can be subsumed into a single task. In
this task, the experimenter is given a displaced thermal
state
ρα,µ =
∫
d2 β
pi
µ e−µ|β|
2 |α+ β〉 〈α+ β| , (C-1)
where µ is a known parameter specifying the amount of
noise in the input, while α is an unknown parameter spec-
ifying the modulation of the signal. The experimenter’s
goal is to transform the displaced thermal state ρα,µ into
the pure coherent state |gα〉, where g is the gain of the
amplification (or the attenuation parameter, if g < 1).
For µ → ∞, the goal is to transform the pure coher-
ent state |α〉 into the coherent state |gα〉. Depending on
whether g > 1, g = 1, or g < 1, this task is amplification,
teleportation/storage, or attenuation. For finite µ, the
task is (ideally) to transform a displaced thermal state
state into a pure coherent state, while amplifying, pre-
serving, or attenuating the signal. Finally, since N copies
of the state ρα,µ can be reversibly converted into a single
copy of the state ρ√Nα,µ, the above task encompasses
various tasks of cloning and purification.
8The figure of merit is the average fidelity
F =
∫
d2 α
pi
λ e−λ|α|
2 〈gα| C(ρα,µ) |gα〉 , (C-2)
where C is the channel used by the experimenter, and
pλ(d
2 α) = λe−λ|α|
2
d2 α/pi is the probability distribu-
tion of the signal. The performance operator of the fi-
delity test is
Ω =
∫
d2 α
pi
λ e−λ|α|
2 |gα〉 〈gα| ⊗ ρα,µ , (C-3)
consistently with Eq. (7) of the main text.
We now use Theorem 1 to construct a new test for the
average fidelity (C-2). First of all, we have to choose a
state τA such that I
′
A ⊗ τA is invertible on the support
of ΩTA . Here we choose a generic thermal state, decom-
posed as
τA = (1− x)
∞∑
n=0
xn |n〉〈n|A x ∈ (0, 1) , (C-4)
where {|n〉} is the Fock basis. The canonical test of The-
orem 1 uses a purification of τA. Specifically, we choose
the two-mode squeezed vacuum
|Ψx〉AR =
√
1− x
∞∑
n=0
xn/2 |n〉A ⊗ |n〉R . (C-5)
also known as the twin-beam state [51]. Note that the
purifying system R is another Bosonic mode, and there-
fore HR ' HA. The isomorphism is implemented by the
unitary operator TAR =
∑
n |n〉A〈n|R.
In the following we will construct the observable OA′R,
using Eq. (8) of the main text. It is convenient to sep-
arate two cases, depending on whether the input states
are pure or mixed.
Pure inputs
For pure input states, the observable OA′R of Eq. (8)
reads
OA′R = (IA′ ⊗ τ−1/2R T †AR) ΩTAA′A (IA′ ⊗ TARτ−1/2R )
=
∫
d2 α
pi
λ e−λ|α|
2 |gα〉 〈gα| ⊗
(
τ
−1/2
R |α〉〈α|τ−1/2R
)
=
∫
d2 α
pi
λ
1− x e
−(λ+1− 1x )|α|2
× |gα〉 〈gα| ⊗
∣∣∣∣ α√x
〉〈
α√
x
∣∣∣∣ . (C-6)
The observable takes a simple form when
x =
1
λ+ 1
, (C-7)
in which case we have
OA′R =
∫
d2 γ
pi
∣∣∣∣ g γ√λ+ 1
〉〈
g γ√
λ+ 1
∣∣∣∣⊗ |γ〉 〈γ| . (C-8)
A more explicit expression comes from the relation
Sθ
(
D(α)⊗D(β)
)
S†θ
= D
(
cosh θ α− sinh θ β
)
⊗D
(
cosh θ β − sinh θ α
)
(C-9)
where Sθ is the two-mode squeezing operation
Sθ := exp
[
θ(ab− a†b†)
]
. (C-10)
For g ≤ √λ+ 1, we choose
θ = tanh−1
(
g√
λ+ 1
)
, (C-11)
obtaining
OA′R =
∫
d2 γ
pi
S†θ
[
I ⊗D
(
γ
cosh θ
)]
×
(
Sθ |0〉 〈0| ⊗ |0〉 〈0| S†θ
) [
I ⊗D
(
γ
cosh θ
)]†
Sθ
= S†θ
(
I ⊗Gθ
)
Sθ , (C-12)
where Gθ is the Gaussian observable
Gθ =
∑
n
(tanh θ)2n |n〉〈n| . (C-13)
Similarly, for g >
√
λ+ 1, we choose
θ = tanh−1
(√
λ+ 1
g
)
, (C-14)
obtaining
OA′R = S
†
θ
(
Gθ ⊗ I
)
Sθ , (C-15)
where Gθ is the Gaussian observable defined in Eq. (C-
13), now with tanh θ =
√
λ+ 1/g.
Eqs. (C-12) and (C-15) imply that we can measure the
observable OA′R by
1. performing the two-mode squeezing operation Sθ
on the modes A′ and R
2. discarding one of the two output modes (the first
mode, if g ≤ √λ+ 1, or the second mode, if g >√
λ+ 1), and measuring the Gaussian observable
Gθ on the other.
9In turn, the measurement of the Gaussian observable Gθ
can be implemented in different ways. When tanh θ is
small, the observable G can be accurately approximated
using a photon counter that distinguishes Fock states
with low photon number. In general, the Gaussian ob-
servable G can be measured with a heterodyne setup,
corresponding to the POVM
P (d2 γ) = |γ〉 〈γ| d
2 γ
pi
. (C-16)
Upon obtaining the outcome γ, one can average the out-
comes with the Gaussian weight
w(γ) = (tanh θ)−2 e−
|γ|2
(sinh θ)2 . (C-17)
Finally, the heterodyne measurement can be imple-
mented with two homodyne detectors, using the following
procedure
1. mix the target mode with the vacuum in a 50-50
beamsplitter
2. measure the quadrature X = (a+a†)/2 on the first
output mode and the quadrature P = (b− b†)/(2i)
on the second output mode
3. if the outcomes of the two quadrature measure-
ments are x and p, declare the outcome γ =
√
2(x+
ip).
By construction, the expectation value of the above mea-
surement is equal to the average fidelity of Eq. (C-2).
Mixed inputs
When the input states are mixed, the observable OA′R
is
OA′R = (IA′ ⊗ τ−1/2R T †AR) ΩTAA′A (IA′ ⊗ TARτ−1/2R )
=
∫
d2 α
pi
λ e−λ|α|
2 |gα〉 〈gα| ⊗
(
τ
−1/2
R ρα,µτ
−1/2
R
)
=
∫
d2 α
pi
∫
d2 β
pi
λ e−λ|α|
2
µ e−µ|β|
2
× |gα〉 〈gα| ⊗
(
τ
−1/2
R
∣∣α+ β〉 〈α+ β∣∣ τ−1/2R )
=
∫
d2 α
pi
∫
d2 β
pi
λ e−λ|α|
2
µ e−µ|β|
2 e−λ
′|α+β|2
1− x
× |gα〉 〈gα| ⊗
∣∣∣∣α+ β√x
〉〈
α+ β√
x
∣∣∣∣
=
∫
d2 α
pi
∫
d2 γ
pi
λ e−λ|α|
2
µ e−µ|
√
xγ−α|2 x e
−λ′x|γ|2
1− x
× |gα〉 〈gα| ⊗ |γ〉 〈γ|
=
∫
d2 α
pi
∫
d2 γ
pi
(λ+ µ) e−(λ+µ)|α−kγ|
2
e−l|γ|
2
× |gα〉 〈gα| ⊗ |γ〉 〈γ| , (C-18)
with
k =
µ
√
x
λ+ µ
(C-19)
l = µx+ x− 1− µ
2x
λ+ µ
. (C-20)
We observe that the expression can be simplified if we
set l = 0, corresponding to the choice
x =
λ+ µ
λ+ µ+ λµ
. (C-21)
Defining δ = g (α− kγ), we obtain
OA′R =
∫
d2 γ
pi
∫
d2 δ
pi
(λ+ µ) e
−λ+µ
g2
|δ|2
× |δ + gkγ〉 〈δ + gkγ| ⊗ |γ〉 〈γ|
=
∫
d2 γ
pi
N (|gkγ〉 〈gkγ|)⊗ |γ〉 〈γ| , (C-22)
where Nν is the Gaussian-additive-noise channel defined
by
Nν(ρ) =
∫
d2 δ
pi
ν e−ν |δ|
2
D(δ) ρD(δ)† (C-23)
and
ν =
λ+ µ
g2
. (C-24)
More concisely, the observable OA′R can be expressed as
OA′R = (Nν ⊗ IR)(ZA′R) , (C-25)
with
ZA′R =
∫
d2 γ
pi
|gkγ〉 〈gkγ| ⊗ |γ〉 〈γ| . (C-26)
Note that we have the relation
Tr[OA′R ρ] = Tr[(Nν ⊗ IR)(ZA′R) ρ]
= Tr[ZA′R (Nν ⊗ IR)(ρ)] , (C-27)
valid for every ρ. Operationally, this means that the
measurement of the observable OA′R can be realized by
first applying the Gaussian channel Nν and then measur-
ing the observable ZA′R. Also, note that the observable
ZA′R has the same form of the observable OA′R in Eq.
(C-8), with the only difference that 1/
√
λ+ 1 is now re-
placed by k. Hence, we know that it can be measured by
performing a two-mode squeezing operation on modes A′
and R, discarding one of the modes, and measuring the
single-mode Gaussian observable Gθ [EQ. (C-13)] on the
other mode. Putting everything together, and using the
homodyne realization of the observable Gθ, we obtain the
Gaussian setup shown in Fig. 4.
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FIG. 4. Canonical test for the amplifica-
tion/purification of noisy coherent states. The
two input modes A and B are prepared in a two-mode
squeezed vacuum state (TMSV), with suitably chosen
squeezing parameter. Then, system A is input into the black
box C. Once the black box has acted, the output mode A′
is sent through the noisy channel Nν , the output of which
is sent through a two-mode squeezer. Then, one mode is
discarded and the other is sent through a 50-50 beamsplitter,
after which the two quadratures X and P are measured.
Appendix D: Test for the complex conjugation of
(noisy) coherent states
In this section we design a test for the complex con-
jugation of coherent states, and for various combinations
of this task with the tasks of storage, teleportation, am-
plification, attenuation, cloning, and purification. As in
the previous section, all the tasks in question can be sub-
sumed into a single task, where the experimenter has to
transform a displaced thermal state ρα,µ into the pure
coherent state |gα〉.
The figure of merit is the average fidelity
F =
∫
d2 α
pi
λ e−λ|α|
2 〈gα| C(ρα,µ) |gα〉 , (D-1)
where C is the channel used by the experimenter, and the
performance operator of the fidelity test is
Ω =
∫
d2 α
pi
λ e−λ|α|
2
ρα,µ ⊗ |gα〉 〈gα| . (D-2)
For the input state, we choose the same two-mode
squeezed state of the previous section. Let us construct
now the observable OA′R, using Eq. (8) of the main text.
Here, we have
OA′R = (IA′ ⊗ τ−1/2R T †AR) ΩTAA′A (IA′ ⊗ TARτ−1/2R )
=
∫
d2 α
pi
λ e−λ|α|
2 |gα〉 〈gα| ⊗
(
τ
−1/2
R ρα,µτ
−1/2
R
)
=
∫
d2 α
pi
∫
d2 β
pi
λ e−λ|α|
2
µ e−µ|β|
2
× |gα〉 〈gα| ⊗
(
τ
−1/2
R |α+ β〉 〈α+ β| τ−1/2R
)
=
∫
d2 α
pi
∫
d2 β
pi
λ e−λ|α|
2
µ e−µ|β|
2 e−λ
′|α+β|2
1− x
× |gα〉 〈gα| ⊗
∣∣∣∣α+ β√x
〉〈
α+ β√
x
∣∣∣∣
=
∫
d2 α
pi
∫
d2 γ
pi
λ e−λ|α|
2
µ e−µ|
√
xγ−α|2 x e
−λ′x|γ|2
1− x
× |gα〉 〈gα| ⊗ |γ〉 〈γ|
=
∫
d2 α
pi
∫
d2 γ
pi
(λ+ µ) e−(λ+µ)|α−kγ|
2
e−l|γ|
2
× |gα〉 〈gα| ⊗ |γ〉 〈γ| , (D-3)
with
k =
µ
√
x
λ+ µ
(D-4)
l = µx+ x− 1− µ
2x
λ+ µ
. (D-5)
Setting l = 0 (corresponding to the choice x = (λ +
µ)/(λ+ µ+ λµ)) and changing variables, we obtain
OA′R =
∫
d2 δ
pi
∫
d2 γ
pi
(λ+ µ) e−(λ+µ)|δ|
2
× |gδ + gkγ〉 〈gδ + gkγ| ⊗ |γ〉 〈γ|
=
∫
d2 γ
pi
Nν(|gkγ〉 〈gkγ|)⊗ |γ〉 〈γ| , (D-6)
where Nν is the noisy channel defined by Eq. (C-23) and
ν =
λ+ µ
g2
. (D-7)
More concisely, the observable OA′R can be expressed
as
OA′R = (Nν ⊗ IR)(ZA′R) , (D-8)
with
ZA′R =
∫
d2 γ
pi
|gkγ〉 〈gkγ| ⊗ |γ〉 〈γ| . (D-9)
In turn, the expression of the observable ZA′R can be
simplified using the following relation
Ugk |gkγ〉 ⊗ |γ〉 =
∣∣∣√g2k2 + 1 γ〉⊗ |0〉 ∀γ ∈ C ,
(D-10)
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FIG. 5. Test for the complex conjugation of noisy co-
herent states. The two input modes A and B are prepared
in a two-mode squeezed vacuum state (TMSV). Then, sys-
tem A is input into the black box C. Once the black box has
acted, the output mode A′ is sent through the noisy channel
Nν . The output of the latter is sent through a beamsplitter
together with mode R. Finally, mode A′ is discarded and
mode R is sent to a photodetector.
where Ugk is a suitable beamsplitter operator. Using this
relation, we obtain
Ugk ZA′R U
†
gk
=
∫
d2 γ
pi
∣∣∣√g2k2 + 1 γ〉〈√g2k2 + 1 γ∣∣∣⊗ |0〉 〈0|
=
1
g2k2 + 1
(
I ⊗ |0〉〈0|
)
. (D-11)
In summary, we constructed a procedure that allows
us to experimentally measure the average fidelity (C-2)
through the following steps
1. Prepare the two-mode squeezed state |Ψx〉AR with
parameter x = (λ+ µ)(λ+ µ+ λµ).
2. Apply the channel C on the input mode A.
3. Apply the noisy channel N [Eq. (C-23)] to the
output mode A′.
4. Let modes A′ and R go through a beamsplitter de-
scribed by the unitary operator U†gk, with k as in
Eq. (D-4).
5. Discard mode A′ and send R to photodetector.
6. If no photon is detected, assign score 1/(g2k2 + 1).
If one or more photons are detected, assign score 0.
By construction, the expected frequency of the no detec-
tion events, divided by g2k2 + 1, is equal to the average
fidelity of Eq. (C-2). The procedure is illustrated in
Figure 5.
Note that the third step (application of the channel
Nν) is trivial for pure input states. This is because the
case of pure input states corresponds to the limit µ→∞,
in which case Eq. (C-23) yields ν → ∞ and Nν → I ′A.
The resulting setup is illustrated in Fig. 6.
FIG. 6. Test for the complex conjugation of pure co-
herent states. The two input modes A and B are prepared
in a two-mode squeezed vacuum state (TMSV). Then, system
A is input into the black box C. Once the black box has acted,
the output mode A′ is sent through a beamsplitter together
with mode R. Finally, mode A′ is discarded and mode R is
sent to a photon counter.
Appendix E: Proof of Theorem 3
To prove Theorem 3, we have to show that, given a test
T for deterministic devices, one can construct a new test
T ′ for probabilistic devices, with the following properties:
1. T ′ has the same performance operator as the orig-
inal test T .
2. The benchmark for T ′ is independent of the success
probability of the tested device.
In the proof, we restrict our attention to tests repre-
sented by a performance operator Ω with positive partial
transpose (PPT), cf. [52, 53]. This can be done without
loss of generality, as long as the performance operator Ω
corresponds to a test where the experimenter prepares an
input state σ and measures a bounded observable O. In
this case, one can always replace the original observable
by the positive observable O′ = O+ ‖O‖∞ I, so that the
resulting operator Ω′ has PPT, as one can verify from
the definition (A-3) using simple algebra.
For PPT performance operators, we have two general
expressions for the deterministic and probabilistic bench-
mark:
Lemma 1. For a test with PPT performance opera-
tor Ω, the maximum of Tr[C Ω] over all C’s that are
Jamio lkowski operators of measure-and-prepare channels
is
S
(det)
M&P = infτA
Λ⊗
[ (
IA′ ⊗ τ−1/2A
)
Ω
(
IA′ ⊗ τ−1/2A
) ]
,
(E-1)
where the infimum is taken over all states τA such that
IA′ ⊗ τA is invertible on the support of Ω, and Λ⊗ is the
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product numerical range [54, 55], defined as
Λ⊗(O) = sup
|α〉′,|α〉
〈α′|〈α|O|α′〉|α〉 , (E-2)
the supremum being over all unit vectors |α′〉 and |α〉.
Lemma 2. For a test with PPT performance opera-
tor Ω and marginal input state σA, the maximum of
Tr[C Ω]/Tr[C(I ′A)⊗σA] over all C’s that are Jami oper-
ators of measure-and-prepare quantum operations is
S
(prob)
M&P = Λ
⊗
[ (
IA′ ⊗ σ−1/2A
)
Ω
(
IA′ ⊗ σ−1/2A
) ]
.
(E-3)
The two lemmas are proven in the following subsec-
tions. Here we show how they can be used to prove The-
orem 3.
Proof of Theorem 3. Let us see how to construct
the test T ′. Let τmin be the state that minimizes the
right hand side of Eq. (E-1). Then, the pair (Ω, τmin)
defines an equivalence class of tests for probabilistic de-
vices, with the equivalence relation defined in the main
text (i.e. two tests are equivalent if they give the same
score and the same probability of success for all quan-
tum operations). Now, consider the canonical test in this
class, as defined by Theorem 2 in the main text. This is
the desired test T ′: by construction, T ′ has performance
operator Ω, which is the performance operator of T . In
addition, Eqs. (E-1) and (E-3) imply that, for T ′, the
benchmark for arbitrary probabilistic devices (with arbi-
trarily small probability of success) coincides the bench-
mark for deterministic devices. Hence, the benchmark
for T ′ is independent of the probability of success.
In summary, the test T ′ sets a single threshold, inde-
pendent of the success probability of the tested device.
In the main text, we called a test with this property a
fully black box test. Fully black box tests allow us to de-
tect quantum advantages without knowing what is the
probability that the tested device produces an output.
The proof of Theorem 3 gives us a complete character-
ization of the fully black box tests:
Corollary 1. Let T ′ be a test for probabilistic devices,
with PPT performance operator Ω and marginal input
state σA. The test T ′ is fully black box if and only if
σA is equal to τmin, where τmin is the minimizer of the
function
f(τ) = Λ⊗
[ (
IA′ ⊗ τ−1/2A
)
Ω
(
IA′ ⊗ τ−1/2A
) ]
. (E-4)
In the following sections, we give the proof of Lemmas
1 and 2.
Proof of Lemma 1
We have to compute the maximum of Tr[C Ω] over
all Jamio lkowski operators C corresponding to measure-
and-prepare channels. To this purpose, we use the tech-
nique developed in the proof of Theorem 1 in [23]. Since
C is a channel, the operator C must satisfy the condi-
tion TrA′ [C] = IA[56]. Since in addition the channel C
is measure-and-prepare, the operator C must be positive
and separable [56]. To handle the separability condition,
we use the following property:
Proposition 1. [57] A positive operator C on HA′⊗HA
is separable if and only if for every n ∈ N there exists a
positive operator Cn on H⊗nA′ ⊗HA s.t.
1. Cn is an extension of C, namely Trn−1[Cn] = C,
where Trn−1 denotes partial trace over first n − 1
copies of HA′ ;
2. Cn is symmetric on H⊗nA′ , namely (Πn ⊗ IA)Cn =
Cn, where Πn is the permutation-twirling
Πn =
1
n!
∑
pi∈Sn
UpiρU
†
pi
where Upi is a unitary operator that permutes the n
modes of HA′ according to pi.
Using the above result, the supremum over all
Jamio lkowski operators of measure-and-prepare channels
can be written as
S
(det)
M&P
= sup
C
Tr [C Ω]
= inf
n∈N
sup
Cn : Cn ≥ 0,
(Πn ⊗ IA)Cn = Cn ,
Trn[Cn] = IA
Tr
[
Trn−1[Cn] Ω
]
= inf
n∈N
sup
Cn : Cn ≥ 0,
(Πn ⊗ IA)Cn = Cn,
Trn[Cn] = IA
Tr
[
Cn
(
I
⊗(n−1)
A′ ⊗ Ω
)]
= inf
n∈N
sup
C′n : C′n ≥ 0,
Trn[C′n] = IA
Tr
[
C ′n (Πn ⊗ IA)
(
I
⊗(n−1)
A′ ⊗ Ω
)]
,
(E-5)
where C ′n is a generic (non necessarily permutationally
invariant) operator.
Now, the optimization over C ′n is a semidefinite pro-
gram. Its optimal value is equal to the optimal value of
the dual program
inf Tr[Λn]
s.t. (I⊗nA′ ⊗ Λn) ≥ (Πn ⊗ IA)(In−1 ⊗ Ω) . (E-6)
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Note that, since Λn is an arbitrary postive operator act-
ing on system A, and since Ω has PPT, the dual program
can be equivalently written as
inf Tr[Λn]
s.t. (I⊗nA′ ⊗ Λn) ≥ (Πn ⊗ IA)(In−1 ⊗ ΩTA) , (E-7)
with the advantage that now the operator ΩTA is positive.
Hence, we can express the quantum benchmark as
S
(det)
M&P = infn∈N
inf
Λn:(I
⊗n
A′ ⊗Λn)≥(Πn⊗IA)(In−1⊗ΩTA )
Tr[Λn].
(E-8)
We also observe that, since ΩTA is positive, the condi-
tion
(I⊗nA′ ⊗ Λn) ≥ (Πn ⊗ IA)(In−1 ⊗ ΩTA) (E-9)
guarantees that the operator on the left hand side is in-
vertible on the support of the operator on the right hand
side. Note also that the operator Λn must be nonnegative
and therefore it can be written as
Λn = λn τn , (E-10)
where τn is a density operator on the Hilbert space HA
and λn is a non-negative constant.
Under this fact, we can rewrite the average score as
S
(det)
M&P
= inf
n∈N
inf
τn>0,Tr[τn]=1
inf{λn : λn(I⊗nA′ ⊗ τn) ≥ (Πn ⊗ IA)(In−1 ⊗ ΩTA)}
= inf
n∈N
inf
τn>0,Tr[τn]=1
inf{λn : λn(I⊗nA′ ⊗ IA) ≥ (Πn ⊗ IA)(In−1 ⊗ ΩTAτn )} ,
(E-11)
with
ΩTAτn =
(
I⊗nA′ ⊗ τ−1/2n
)
ΩTA
(
I⊗nA′ ⊗ τ−1/2n
)
. (E-12)
Note that the infimum over λn in Eq. (E-11) is the oper-
ator norm of the operator (Πn⊗IA)(In−1⊗ΩTAτn ). Hence,
we can rewrite the average score as
S
(det)
M&P
= inf
n∈N
inf
τn>0,Tr[τn]=1
‖(Πn ⊗ IA)(In−1 ⊗ Ωτn)‖∞ .
(E-13)
Note also that τn is a generic density operator on the
Hilbert space HA, and therefore the dependence on n
can be removed: one has
S
(det)
M&P
= inf
n∈N
inf
τ>0,Tr[τ ]=1
‖(Πn ⊗ IA)(In−1 ⊗ ΩTAτ )‖∞ , (E-14)
where τ is a generic density operator on the Hilbert space
HA. Continuing the chain of equalities, we get
S
(det)
M&P
= inf
n∈N
inf
τ > 0
Tr[τ ] = 1
‖(Πn ⊗ IA)(In−1 ⊗ ΩTAτ )‖∞
= inf
τ > 0
Tr[τ ] = 1
inf
n∈N
‖(Πn ⊗ IA)(In−1 ⊗ ΩTAτ )‖∞
= inf
τ > 0
Tr[τ ] = 1
inf
n∈N
sup
ρn ≥ 0
Tr[ρn] = 1
Tr[ρn(Πn ⊗ IA)(In−1 ⊗ ΩTAτ )]
= inf
τ > 0
Tr[τ ] = 1
inf
n∈N
sup
ρn ≥ 0
Tr[ρn] = 1
Tr[ (Πn ⊗ IA)(ρn) (In−1 ⊗ ΩTAτ ) ]
= inf
τ > 0
Tr[τ ] = 1
inf
n∈N
sup
ρ′n ≥ 0
(Πn ⊗ IA)(ρ′n) = ρ′n
Tr[ρ′n] = 1
Tr[ρ′n (In−1 ⊗ ΩTAτ )]
= inf
τ > 0
Tr[τ ] = 1
inf
n∈N
sup
ρ′n ≥ 0
(Πn ⊗ IA)(ρ′n) = ρ′n
Tr[ρ′n] = 1
Tr[Trn−1[ρ′n] Ω
TA
τ )]
= inf
τ > 0
Tr[τ ] = 1
inf
n∈N
sup
ρ∈Ext(n;A′,A)
Tr[ρΩTAτ )] , (E-15)
where Ext(n;A′, A) is the set of all density operators on
HA′⊗HA that admit a symmetric extension on the space
H⊗nA′ ⊗HA.
Using Property 1, we conclude that the average score
is the maximum over all separable density operators,
namely
S
(det)
M&P = inf
τ>0,Tr[τ ]=1
sup
ρ ≥ 0
Tr[ρ] = 1
ρ separable
Tr[ρΩTAτ ]
= inf
τ>0,Tr[τ ]=1
Λ⊗(ΩTAτ )
= inf
τ>0,Tr[τ ]=1
Λ⊗(Ωτ ) . (E-16)
This concludes the proof of Lemma 1.
Proof of Lemma 2
For any probabilistic measure-and-prepare device C
with Jamio lkowski operator C, we define
Γ = IA′ ⊗ σA
ρ =
Γ1/2CΓ1/2
Tr[Γ1/2CΓ1/2]
ΩσA =Γ
−1/2ΩΓ−1/2 . (E-17)
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Note that ρ is a quantum state. Then, we write the score
of C as
S(prob) =
Tr[CΩ]
Tr[CΓ]
= Tr[Γ−1/2 ρΓ−1/2Ω]
= Tr[ρΓ−1/2ΩΓ−1/2]
= Tr[ρΩσA ]
≤ sup
ρ separable
Tr[ρΩσA ]
= Λ⊗(ΩσA) (E-18)
The last inequality holds because for classical C, C is
separable, and thus ρ is separable, too.
Eq. (E-18) gives an upper bound on the benchmark
S
(prob)
M&P . It remains to prove that, in fact, the upper
bound holds with the equality sign. To this purpose,
pick the unit vectors |ψ〉 ∈ HA′ and |φ〉A ∈ HA such that
sup
ρ separable
Λ⊗(ΩσA) = 〈ψ| 〈φ|ΩσA |ψ〉 |φ〉 . (E-19)
Let
Q =
σ
−1/2
A |φ〉 〈φ|σ−1/2A
Tr
[
σ
−1/2
A |φ〉 〈φ|σ−1/2A
] , (E-20)
and we pick the Jamio lkowski operator as
C = |ψ〉 〈ψ| ⊗Q (E-21)
where C correspond to a probabilistic measure-and-
prepare device that performs the projective measurement
POVM {Q, I − Q}, and, if the outcome corresponds to
the projector Q, outputs the state |ψ〉 〈ψ|.
By construction, the probabilistic measure-and-
prepare device with Jamio lkowski operator C achieves
score
Tr[C Ω]
Tr[C (I ′A ⊗ σA)]
=
Tr[(|ψ〉 〈ψ| ⊗ σ−1/2A |φ〉 〈φ|σ−1/2A )Ω]
Tr[(|ψ〉 〈ψ| ⊗ σ−1/2A |φ〉 〈φ|σ−1/2A ) (IA′ ⊗ σA)]
= Tr[(|ψ〉 〈ψ| ⊗ |φ〉 〈φ|) ΩσA ]
= Λ⊗(ΩσA) . (E-22)
This concludes the proof of Lemma 2.
Appendix F: Tests with symmetry
In this section we consider tests that exhibit a symme-
try with respect to a group of physical transformations.
We also provide further examples of fully black box tests,
where the value of the benchmark is independent of the
probability of success of the tested setup.
Definitions and examples
In the following we will assume that a certain group of
physical transformations G acts on the systems A and A′.
For example, A and A′ could be qubits and the group G
could be the group of rotations of the Bloch sphere, or the
group of rotations around the z axis. More generally, A
and A′ could be two systems of different dimension. We
denote by (Ug)g∈G and (U ′g)g∈G the two unitary (projec-
tive) representations of G acting on the Hilbert spaces
HA and HA′ , respectively.
Using the above notation, we define what it means for
a test to have symmetry:
Definition 1. (Covariant tests for deterministic
devices) Let T be a test for deterministic devices and
let Ω ∈ HA′ ⊗HA be the corresponding performance op-
erator. We say that the test T is covariant with respect
to the action of G iff the performance operator Ω satisfies
the condition
[Ω, U ′g ⊗ Ug] = 0 ∀g ∈ G . (F-1)
When the group G is compact, an example of co-
variant test is the fidelity test for the transformation
ρg → |ψg〉〈ψg|, where g is chosen at random according
to the normalized Haar measure d g and the states are
defined as
ρg := Ug ρU
†
g , and |ψg〉 := U ′g |ψ〉 , (F-2)
ρ being a fixed density matrix and |ψ〉 being a fixed unit
vector. In this case, the performance operator is
Ω =
∫
d g |ψg〉 〈ψg| ⊗ ρg (F-3)
and satisfies Eq. (F-1) due to the invariance of the Haar
measure.
Two examples of tests with symmetry are presented in
the following:
1. Fidelity test for the teleportation of pure
states. Consider the task of transmitting a generic
pure state |ψ〉 of a d-dimensional system. The fi-
delity test for the teleportation of pure states [3, 46]
has performance operator
Ω =
∫
dψ |ψ〉 〈ψ| ⊗ |ψ〉 〈ψ|
=
P+
Tr[P+]
, (F-4)
where P+ is the projector on the symmetric sub-
space, and dψ is the normalized invariant measure
on the pure states. In this case, the performance
operator satisfies the condition [Ω, U ⊗ U ] = 0 for
arbitrary unitary gates.
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2. CHST test. It is important to stress that a test
can be covariant even if its is not testing a transfor-
mation of the form ρg → |ψg〉〈ψg|. As an example,
consider the following entanglement-based test, de-
signed to test the preservation of a Bell inequality:
(a) prepare an input qubit and a reference qubit
in the entangled state |Φ+〉 = (|0〉⊗|0〉+ |1〉⊗
|1〉)/√2
(b) send the input qubit through the tested device
(c) test the CHSH inequality on the output qubit
and the reference.
The CHSH test corresponds to the two-qubit ob-
servable
O = Z ⊗ Z +X√
2
+ Z ⊗ Z −X√
2
+X ⊗ Z +X√
2
−X ⊗ Z −X√
2
=
√
2
(
Z +X√
2
⊗ Z +X√
2
+
Z −X√
2
⊗ Z −X√
2
)
.
(F-5)
Using Eq. (A-3), one obtains the performance op-
erator
Ω =
O
2
, (F-6)
where the operator O on the right hand side is in-
terpreted as acting on qubits A′ and A. It is easy
to see that the performance operator satisfies the
commutation relations
[Ω, X ⊗X] = 0 , [Ω, Y ⊗ Y ] = 0 , [Ω, Z ⊗ Z] = 0 ,
meaning that the test is covariant with respect to
the action of the Pauli group.
The definition of covariant tests, formulated in the
deterministic case, can be extended to the probabilistic
case:
Definition 2. (Covariant tests for probabilistic de-
vices) Let T be a test for probabilistic devices, let Ω be
the performance operator, and let σA be the marginal
input state on system A. We say that the test T is
covariant with respect to the action of G iff the perfor-
mance operator Ω satisfies the condition Eq. (F-1) and
the marginal state σA satisfies the condition
[σA, Ug] = 0 . (F-7)
For a compact group G, a fidelity test for the transfor-
mation ρg → |ψg〉 〈ψg| (with g chosen according to the
Haar measure) is covariant. This is because the marginal
input state is
σA =
∫
d g ρg , (F-8)
which obvioustly satisfies the relation [σA, Ug] = 0. In
the teleportation example, the marginal input state is
σA =
I
d
, (F-9)
where I is the identity matrix on HA and d is the dimen-
sion of HA. Clearly, the state σA commutes with every
unitary operator.
Again, it is important to stress that there are other
examples of covariant tests other than the tests for trans-
formations of the form ρg → |ψg〉〈ψg|. For example, the
CHSH test, viewed as a test on probabilistic devices, is
also covariant (with respect to the Pauli group): indeed,
the marginal input state is
σA = TrR[|Φ+〉〈Φ+|] = I
2
, (F-10)
and clearly commutes with the Pauli matrices X,Y , and
Z.
Examples of fully black box tests
Here we show a class of examples where it is easy to
construct the fully black box test. In all these examples,
the original test is covariant and the representation act-
ing on the input system is irreducible. We recall that the
representation (Ug)g∈G is called irreducible if no subspace
is invariant under its action, except for the trivial sub-
space {0} and the whole Hilbert space HA. The Schur’s
lemma then guarantees that, for every operator X, the
condition
[X,Ug] = 0 ∀g ∈ G (F-11)
implies that X has the form
X = c IA , (F-12)
where c ∈ C is a suitable constant.
Lemma 3. Let T be a test for deterministic devices with
PPT performance operator Ω. Suppose that the input
system A has dimension d <∞. If T is covariant under
the action of G and if and the group representation acting
on A is irreducible, then the deterministic benchmark is
SdetM&P = dΛ
⊗(Ω) . (F-13)
Every test T ′ with performance operator Ω and marginal
input state σA = IA/d is a fully black box test.
Proof. To derive Eq. (F-13) we use the dual program
S
(det)
M&P = infn∈N
inf
Λn:(I
⊗n
A′ ⊗Λn)≥(Πn⊗IA)(In−1⊗ΩTA )
Tr[Λn] ,
coming from Eq. (E-8). Observe that the right hand
side of the inequality on Λn commutes with the group
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representation (U ′ ⊗ng ⊗ Ug)g∈G. By twirling both sides
of the inequality with respect to this representation, we
obtain a new operator Λ′n, which commutes with each Ug
and has the same trace of Λn. Hence, the benchmark can
be rewritten as
S
(det)
M&P = infn∈N
inf
Λ′n : (I
⊗n
A′ ⊗ Λ′n) ≥ (Πn ⊗ IA)(In−1 ⊗ ΩTA )
[Λ′n, Ug ] = 0 ∀g ∈ G
Tr[Λ′n] .
Now, the Schur’s lemma implies that Λ′n is proportional
to the identity matrix. We write it as Λ′n = λn I/d. The
rest follows by substituting τ with I/d in the proof of
Lemma 1: following the steps of the proof we obtain
S
(det)
M&P = inf
τ>0,Tr[τ ]=1
Λ⊗(ΩTAτ ) , (F-14)
with ΩTAτ = (IA′⊗τ−1/2) ΩTA (IA′⊗τ−1/2). Substituting
τ = I/d we then obtain the desired expression
S
(det)
M&P = dΛ
⊗(ΩTA)
= dΛ⊗(Ω) . (F-15)
Now, note that, by construction, the infimum over τ
is achieved by the maximally mixed state τmin = I/d.
Hence, the characterization of Corollary 1 implies that
the pair (Ω, I/d) defines a fully black box test.
It is useful to illustrate the theorem in a few examples.
1. Fidelity test for the teleportation of pure
states. Consider the fidelity test for the telepor-
tation of arbitrary pure states in dimension d. As
we have seen in the previous Section, this test has
operators
Ω =
P+
Tr[P+]
and σA =
I
d
(F-16)
and is covariant under the action of the group U(d)
of all unitary operators in dimension d. Note that
the representation of the group on the input sys-
tem is irreducible. Using Lemma 3 we obtain the
benchmark
S
(det)
M&P = dΛ
⊗(Ω)
= d sup
‖|α〉‖=1 ,‖|β〉‖=1
〈α|〈β|Ω|α〉|β〉
=
d
Tr[P+]
=
2
d+ 1
. (F-17)
This value coincides with the known fidelity bench-
mark for pure states [3, 46]. Since the state σA is
maximally mixed, we know that the fidelity test
is fully black box, meaning that the benchmark
2/(d + 1) holds independently of the probability
of success of the tested device.
2. The CHSH test. Another interesting example
of fully black box test is the entanglement-based
CHSH test, also described in the previous Section.
The CHSH test has operators
Ω =
1√
2
(
Z +X√
2
⊗ Z +X√
2
+
Z −X√
2
⊗ Z −X√
2
)
σA =
I
2
. (F-18)
In this case, the test is covariant under the action
of the Pauli group, which is irreducible on the input
space. The performance operator is not PPT, but
can be transformed into a PPT operator by adding
a constant term proportional to I ⊗ I. Since this
transformation only offsets the product numerical
range by a constant, we still can use Lemma 3 to
compute the benchmark, obtaining
S
(det)
M&P = 2 Λ
⊗(Ω)
= 2 sup
‖|α〉‖=1 ,‖|β〉‖=1
Tr
[ (
|α〉 〈α| ⊗ |β〉 〈β|
)
Ω
]
,
which can be evaluated explicitly using the Bloch
representation
|α〉 〈α| = I +mx X˜ +my Y˜ +mz Z˜
2
|β〉 〈β| = I + nx X˜ + ny Y˜ + nz Z˜
2
, (F-19)
m = (mx,my,mz) and n = (nx, nynz) are unit
vectors in R3, and X˜, Y˜ , Z˜ are defined as follows:
X˜ =
Z +X√
2
, Z˜ =
Z −X√
2
, Y˜ = Y . (F-20)
Using this notation, the performance operator can
be rewritten as
Ω =
X˜ ⊗ X˜ + Z˜ ⊗ Z˜√
2
(F-21)
and one has
S
(det)
M&P =
√
2 Λ⊗(X˜ ⊗ X˜ + Z˜ ⊗ Z˜)
=
√
2 sup
m,n
{mxnx +mznz}
=
√
2 . (F-22)
Note that the benchmark is strictly smaller than
the Bell inequality value, which is equal to 2. The
reason is that here we are restricting the optimiza-
tion over the set of two-qubit separable states, while
the measurements are fixed. Lemma 3 guarantees
that preparing a maximally entangled input state,
letting the unknown device act, and measuring the
CHSH observable on the output is a fully black
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box test: any experimental value above
√
2 guaran-
tees that the tested device has performance above
the performance of every measure-and-prepare de-
vice, even allowing measure-and-prepare devices
that postselect on some subset of favourable out-
comes.
3. Fidelity test for the teleportation of pure
states on the equator of the Bloch sphere.
Consider the set of qubit pure states
|φk〉 = 1√
2
(
|0〉+ e2piik/N |1〉
)
, (F-23)
with k ∈ {0, 1, . . . , N − 1} and N > 2 (we ex-
clude the trivial case N = 2, in which the states
are orthogonal and the teleportation task can be
achieved perfectly by measuring the input state).
The above states are generated by the action of the
cyclic group CN on the state |φ0〉 = (|0〉+ |1〉)/
√
2.
The group action represented by the unitary ma-
trices
Uk := e
2piik
N Z . (F-24)
Consider the fidelity test for the teleportation of
the states (F-23). In such test, the verifier prepares
a state |φk〉 chosen with uniform probability pk =
1/N , lets the tested device act, and finally measures
the fidelity with the state |φk〉.
According to the general formula for fidelity tests,
the performance operator is
Ω =
1
N
∑
k
|φk〉 〈φk| ⊗ |φk〉 〈φk|
=
1
4
(
|0〉 〈0| ⊗ |0〉 〈0|+ |1〉 〈1| ⊗ |1〉 〈1|
+ 2|Ψ+〉〈Ψ+|
)
,
with |Ψ+〉 = (|0〉⊗|1〉+ |1〉⊗|0〉)/√2. On the other
hand, the marginal input state reads
σA =
1
N
∑
k
|φk〉 〈φk|
=
I
2
. (F-25)
Here there is an interesting point to make. The
test is based on a teleportation task, corresponding
to a transformation of the form ρg → |ψg〉 〈ψg|,
where g is an element of the cyclic group. As a
consequence (see the previous Section), the test is
covariant under the action of the cyclic group. But
in fact, the symmetries of the test are even larger:
Indeed, it is easy to check that one has
[Ω, X ⊗X] = [Ω, Y ⊗ Y ] = [Ω, Z ⊗ Z] = 0 , (F-26)
and
[σA, X] = [σA, Y ] = [σA, Z] = 0 , (F-27)
meaning that the test is covariant under the action
of the Pauli group.
It is interesting to observe that for odd N , the set
of states (F-23) is not invariant under the action of
the Pauli group. In other words, the symmetries of
the test are larger than the symmetries of the orig-
inal set of states that the test is designed to probe.
This example illustrates the usefulness of our uni-
fied approach, in which the high-level structure of
the benchmark (the operators Ω and σA) reveals
symmetries that are not visible at the level of the
original task that the device was meant to perform.
It is also important to stress that the operators Ω
and σA are independent of N . This means that
tests with different numbers of input states are
equivalent in terms of score and probability of suc-
cess. In practice, this means that one can test the
fidelity over all the pure states on the equator, by
actually testing only the the three states defined
by Eq. (F-23) with N = 3. Alternatively, one can
devise an equivalent test consisting in the prepa-
ration of the two-qubit maximally entangled state
|Φ+〉, followed by the measurement of the two-qubit
observable
O = 2 ΩTA
=
1
2
(
|1〉 〈1| ⊗ |0〉 〈0|+ |0〉 〈0| ⊗ |1〉 〈1|
+ 2|Φ+〉〈Φ+|
)
=
1
2
(
|Ψ+〉〈Ψ+|+ |Ψ−〉〈Ψ−|+ 2 |Φ+〉〈Φ+|
)
,
(F-28)
with |Ψ−〉 = (|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)/√2. The expec-
tation value of the observable O can be measured
through a Bell measurement, or, indirectly, using
the relation O = (I ⊗ I + O1 − O2)/2, where O1
and O2 are the observables
O1 = |Φ+〉〈Φ+| and O2 = |Φ−〉〈Φ−| ,
with |Φ−〉 = (|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉)/√2. Using the
above relation, the average fidelity over all pure
states on the equator can be evaluated as
F =
1 + 〈O1〉 − 〈O2〉
2
, (F-29)
where 〈O1〉 and 〈O2〉 are the expectation values
of O1 and O2, respectively. Also in this case, we
can see the advantage of a more high-level formu-
lation of the problem, which allowed us to find a
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setup that measures the average fidelity over all
pure states on the equator by actually performing
Bell measurements.
Now, we have seen that the fidelity test for the
states (F-23) is covariant under the action of the
Pauli group, which is irreducible on the input sys-
tem. Since the performance operator is PPT,
Lemma 3 yields the benchmark expression
S
(det)
M&P = 2 Λ
⊗(Ω)
= 2 sup
‖|α〉‖=1 ,‖|β〉‖=1
Tr
[ (
|α〉 〈α| ⊗ |β〉 〈β|
)
Ω
]
,
where the supremum can be evaluated using the
Bloch representation
|α〉 〈α| = I +mx +my Y +mz Z
2
|β〉 〈β| = I + nxX + ny Y + nz Z
2
. (F-30)
Explicitly, we obtain
Λ⊗2(Ω) = sup
m,n
{
4 + 2(mxnx +myny)
16
}
=
3
8
, (F-31)
so that the benchmark value is
S
(det)
M&P =
3
4
. (F-32)
Thanks to the symmetry of the problem, we know
that the fidelity test is fully black box. Hence, ev-
ery experimental fidelity above the classical thresh-
old 3/4 indicates a quantum advantage over arbi-
trary measure-and-prepare strategies, even includ-
ing strategies that postselect on a subset of out-
comes with arbitrary small probability.
The optimal measure-and-prepare strategy
We have seen that tests that are covariant with respect
to an irreducible representation are fully black box. In
this case, it is also possible to find an explicit expression
for the measure-and-prepare channel that achieves the
benchmark.
Lemma 4. Let T be a test for deterministic devices with
PPT performance operator Ω. Suppose that the input
system A has dimension d <∞. If T is covariant under
the action of G and if and the group representation acting
on A is irreducible, then the optimal measure-and-prepare
channel is
C(ρ) =
∫
d g Tr[Pgρ] |ψg〉 〈ψg| (F-33)
where {Pg}g∈G is the POVM defined by
Pg = dUg |φ〉 〈φ|U†g , (F-34)
for some unit vector |φ〉, and the output states {|ψg〉}g∈G
have the form
|ψg〉 = U ′g |ψ〉 , (F-35)
for another fixed unit vector |ψ〉.
Proof. Consider a generic measure-and-prepare strat-
egy with measurement of the POVM {Pi} and prepa-
ration of the states {ρi}. The corresponding channel,
denoted by C, is
C(ρ) =
∑
i
Tr[Pi ρ] ρi , (F-36)
and its Jamio lkowski operator is
C =
∑
i
ρi ⊗ Pi . (F-37)
Hence, the score is
S(det)(C) :=
∑
i
Tr [(ρi ⊗ Pi) Ω] (F-38)
Without loss of generality, we assume that each operator
Pi is rank-one, because one can always split a non-rank-
one operator into the sum of rank-one operators, without
affecting the total score. Likewise, we assume that each
state ρi is pure, because one can always include the ran-
domization of pure states by adding dummy outcomes to
the measurement, and use these outcomes to randomize
over pure states.
Now, since the test is covariant, we have the equality
Ω =
∫
d g (U ′g ⊗ Ug)Ω(U ′g ⊗ Ug)† (F-39)
Inserting this relation into Eq. (F-38), we obtain
S(det)
=
∑
i
Tr
[
(ρi ⊗ Pi)
∫
d g (U ′g ⊗ Ug)Ω(U ′g ⊗ Ug)†
]
=
∑
i
∫
d g Tr
[
(U ′ †g ρiU
′
g ⊗ U†gPiUg) Ω
]
=
∑
i
pi
(∫
d g Tr
[(
ρ(i)g ⊗ P (i)g
)
Ω
])
, (F-40)
having defined
pi :=
Tr[Pi]
d
ρ(i)g := Ug Pi U
†
g
P (i)g :=
d
Tr[Pi]
Ug Pi U
†
g . (F-41)
Now, it is easy to check that
19
1. the numbers {pi} form a probability distribution
2. for every given i, the operators {P (i)g } form a
POVM, normalized as∫
d g P (i)g = IA . (F-42)
For given i, the POVM {P (i)g } and the states {ρ(i)g } define
a measure-and-prepare channel Ci, with
Ci(ρ) =
∫
d g Tr
[
P (i)g ρ
]
ρ(i)g . (F-43)
With this notation, Eq. (F-40) can be rewritten as
S(det)(C) =
∑
i
pi S
(det)(Ci)
≤ max
i
S(det)(Ci) . (F-44)
Hence, the maximum score must be achieved by a
measure-and-prepare channel Ci of the form (F-43). Since
by construction the POVM operators P
(i)
g are rank-one,
and sine the states ρ
(i)
g are pure, this concludes the
proof.
